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Introduction 
Let k be a commutative Noetherian regular ing and let K(P) be the Grothendieck 
ring of the category of finitely generated projective k-modules. If R is a connected 
graded k-algebra nd M is a graded R-module, both finitely generated as k-modules 
in each degree, then the Poincar6 series [M] is the class of M and the Euler-Poincar6 
series [H,(R,M)] is the Euler characteristic of H,(R,M) in the Grothendieck ring 
K(PN)=KOP)[[t]] of N-graded k-projectives. The existence of the Euler character- 
istic of the Hochschild homology H , (R ,M)= Tor, R (k,M) depends on certain con- 
nectivity requirements. That these requirements are satisfied under the present 
conditions is guaranteed by the Theorems 2.2 and 2.4. 
This result together with Proposition 1.8 and the usual properties of the Euler 
characteristic of complexes (see Subsection 1.4) then leads to the equation 
[M] = [RI- [H,(R,M)] 
in K(P)[[t]] of Theorem 3.1.1. It is interesting to note that, since R is connected, 
this equation implies that [H,(R, M)] neither depends on the ring structure on R nor 
on the R-module structure on M. Over a field k, this equality was established in [4] 
and in [5] for M= k. 
The regularity condition on k can be removed in favour of k-projectivity condi- 
tions on R, M and/or H,(R, M) if KOP) shares its role with K(C), the Grothendieck 
group of the category of all finitely generated k-modules (Theorem 3.1.1 and 
Remarks 3.1.3). If R, M and H,(R,M) are k-projective (e.g. if k is a field), then 
the above equation also follows from the isomorphism of graded R-modules 
B,(R,M)= R ® B.(R,M), 
where B.(R, M) is the Bar resolution and B,(R, M)= k ®R B.(R, M) is the Bar con- 
struction. For M= k this was noticed by Swcedler [11]. 
The nature of these series, such as rationality, reflects certain properties of the 
algebra R, such as growth, Gelfand-Kirllov dimension etc. The counter-examples 
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of Shearer [9] and Annick [1] - see also Lemaire [6] - to the famous conjectures 
of Govorov [4], Serre and Serre-Kaplansky [8] suggest hat connected k-algebras 
with rational Poincar6 series must satisfy rather stringent conditions, in particular 
if polynomial growth is required. In this connection it is of interest o know how 
these series behave under commonly using ring-theoretic constructions. 
The character of the Poincar6 series is preserved under certain normal extensions 
(see Subsection 3.2), and if R has a finite normalizing set of homogeneous genera. 
tots {xl,...,Xn }, then 
[R'=f(t)/~Ili= (l-tlx") 
for some polynomial f(t)~K(C)[t]. This result is then extended to a wider class of 
algebras including all quotients of universal envelopes of connected Lie k-algebras 
of finite type (see Subsection 3.3). 
If the square of connected graded k-algebras 
R ' $1 
S1 ' U 
is the fiberproduct of surjective maps and/c is regular, then the equations of Subsec- 
tion 3.4 
1 1 1 1 
[RI+[UI=[&I+[S2] and + + 
[H,(R)] IH,(U)] [H,(S~)] In,(&)] 
hold in KOP)[[t]]. Interchanging Poincar~ series with Euler-Poincar~ series gives the 
'dual' result for a free product with amalgamation if SI and $2 are R-projective 
(see [5] if k is a field). 
Throughout this paper the brackets [ ] and [ ] denote classes and Euler character- 
istics as elements of K(P) (KOP)[[t]]) and K(C) (K(C)[[t]]), respectively. 
1. Preliminaries on graded rings and modules 
1.1. Let k be a commutative Noetherian ring. The abelian category C of finitely 
generated k-modules and the full additive subcategory P of finitely generated pro- 
jectives are both closed under extensions and under finite tensorproducts. The full 
embedding of P into C induces a homomorphism of groups 
a:  KOP) - '  K(C). 
1.2. The endofunctor P®-  :C~C is exact if and only if P is projective, in which 
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case it has the two-sided adjoint P* ® - = hom(P, -) .  Thus, the additive symmetric 
monoidal closed category P acts on the abelian category C via the exact funcor 
® : P xC---,C. 
The induced action 
f~ = K( ® ) : KOP) x K(C) ~ K(C) 
makes K(C) into a module over the commutative ring KOP). 
1.3. Of course, everything said so far remains true if C and P are replaced by the 
categories of N-graded objects C N and P~q, respectively. The graded tensor product 
M®N is given by 
(M®N)( i )=  ~ M(r)®N(s). 
r+s=i 
The obvious isomorphisms KOPN)--KOp)[[t]] and K(CN)=K(C)[[t]] preserve the 
additive and the multiplicative structures. 
1.4. If X,  is a locally finite complex in C N or pN (i.e. X,(n) is a finite complex for 
each n > 0). then the Euler-Poincar6 characteristic 
IX, l= (-1)ilXiI=IH,(X,)I 
exists as a power series. The tensor product P,  ® X,  of two locally finite complexes 
is locally finite, and if P ,  is k-projective, then [P,][X,I = [P ,®X, I  in K(C)[tl. 
1.5. If k is regular, i.e. if every finitely generated k-module has a finite projective 
resolution, then a:KOP)~K(C) is an isomorphism. The inverse of a is given by the 
Euler characteristic 
[M]=a- IMI = 
where P, is a finite k-projective resolution of M. Every object of C N has a locally 
finite k-projective resolution and everything related to Euler characteristics takes 
place in the rings KOP) and KOP)[[t]]. It is however not to be expected that [M®N] 
and [N]. [M] are the same elements in these rings if neither of the factors is projec- 
five. The tensor has to be replaced by Tor,. 
Lemma. I f  k is regular, then [N]. [M] = [Tor,(N.M)] in KOP). 
Proof. [Tor,(N,M)] = a- l ( ITor , (N,M) l )  = a - l ( iH , (N® P,) l )  = a - l ( iN®P, i )  = 
~-I(|N][P,])=a-I(|N])[P,] =a-Z([Nl)a-l(lM])= [N]-[M] in K(]P). where P ,  is a 
finite k-projective resolution of M. [] 
1.6. A graded k-algebra R is a monoid relative to the tensor ® and the unit k in 
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the category of graded k-modules k-Mod ~. A graded R-module is given by an 
action ~: R ®M~M in k-Mod N. Every graded R-module M is a quotient of a free 
graded R-module, i.e. there is an epimorphism g :R®FNX-~M for some graded 
set X. M is R-projective if and only if g splits in the category of graded R-modules 
R-Mod. If we can choose Xto be finite (in each degree), then we say that Mis (local-' 
ly) finitely generated. 
If N is a graded right R-module, then the tensorproduct N® R M is defined by 
the coequalizer 
~®M 
N®R®M }N®M'*N®M 
N® ~ R 
of graded k-modules. It is right-exact in each variable and the left derived functors 
Tor. R (N, M) are defined as usual by graded R-projective resolutions. The following 
lemma and proposition are basic for the whole paper: 
1.7. Lemma. Let M be a graded R-module and let A = R(O). 
(a) I f  A ®R M= O, then M= O. 
(b) M is (locally) finitely generated if and only if A ®R M is. 
Proof. If R + is the kernel of the canonical projection rI:R-~A=R(O), then 
A ®RM---M/R+M. Thus, A ®RM=O implies that M=R+M and by induction on 
the degree we conclude that M= 0. 
The 'only if' part of (b) is obvious. Conversely, suppose there is a (locally) finite 
set X and an epimorphism of graded A-modules g : FNX ~ A ®R M. Since FNX is 
A-free, g lifts to an A-homomorphism FNX--'M and thus to an R-homomorphism 
~:R®A FNX~M such that A ®R ~=g is surjective. Thus, by (a) the cokernel of 
is zero, ff is surjective and M is (locally) finitely generated. [] 
1.8. Proposition. Let M be a graded R-module and let A =R(0). 
(a) I f  A ®R M is A-projective, then there is an epimorphism of  graded R-modules 
tr : R ®A (A ®R M)-* M. 
(b) The following statements are equivalent: 
(i) M is R-projective; 
(ii) A ®RM is A-projective and Tor~(A,M)=0; 
(iii) A ®k M is A-projective and R ®A (A ®R M) -~ M. 
Proof. If A ®RM is A-projective, then t l®RM:M=R®RM--~A ®RM splits as 
an A-homomorphism. Any section 6: A ®R M~--~ M of r/®R M extends to an g- 
homomorphism tr: R ®A (A ®R M) - ,  M and A ®R tr is an isomorphism. Now, by 
Lemma 1.7(a) the cokernel of o is 0 and (a) is proved. 
In (b) it is easy to see that (i) implies (ii) and follows from (iii). It remains 
to show that (ii) implies (iii). If A ®R M is A-projective, then the epimorphism 
tr : R ®A (A ®R M)-~ M of (a) induces an exact sequence 
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O~T°r~(A'M)-*A®ker°-*A®(R~(A®MI)-~A®M"*O'R R R R 
If Tor~(A, M)= 0, then ker tr = 0 by Lemma 1.7(a) and cr is an isomorphism. [] 
1.9. Corollary (Swan [10]). The induction functor R® A - :P(A)N-~P(R) induces 
an isomorphism of  groups 
K(P (A )N) --, KOP (R ) ). 
1.10. An epimorphism e:P~M of graded R-modules is said to be essential if 
A @R e: A ®R P~A (~R M is bijective. It is a projective cover if in addition P is R- 
projective. 
Corollary. A graded R-module M has a projective cover e: P--~M if and only if  
A @R M is A-projective and then P= R ®A (A ®R M). 
2. Resolutions and connectivity 
2.1. A projective resolution P ,  of a graded R-module M is locally finite if for each 
n>0 the complex P,(n) is finite. It is (locally) finitely generated if P! is (locally) 
f'mitely generated for each l___0. It is said to be minimal if A®Rdt=O for every 
!>0. 
2.2. Theorem. Let M be a graded R-module and let A =R(O). 
(a) I f  R and M are A-projective, then M has a locally finite R-projective resolu- 
tion P,. 
Co) M has a minimal R-projective resolution P, i f  and only if Tor ,  R (A, M) is A- 
projective. I f  the conditions hold, then P, is locally finite and 
P ,=R ~ TorR, (A,M) 
A 
as graded R-modules. 
(c) I f  A is left Noetherian, then M has a (locally) finitely generated R-projective 
resolution if  and only i f  Tor,R(A,M) is (locally)finitely generated. 
Proof. First some remarks for later repeated use. Let 
d .  d~_t dl do d_l 
Pn-':* Pn-1-'-* Pn-2-*'" -* P1 --* PO --~ M---*O (I) 
be an exact sequence of graded R-modules with P/R-projective for 0_<_ i< n, and let 
Ki= ker di. Applying the functor A ®R - : R-Mod- '*A'M°d~ to the short exact se- 
quences 
Ki-  Ki- I-*O 
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we get the exact sequence 
0-, TorlR(A, Kn_I)-~A ®Kn-'A ®Pn--'A ®Kn_ l -'0 (II) 
R R R 
and a sequence of isomorphisms 
Tor~ (A, Kn_ 1)-- Tor2 R (A, Kn_ 2) = "'" = Tor~ (A, K0)= Tor~+ I(A,M) (III) 
of graded A-modules. 
(a) If R and M are A-projective, then P0 =R ~)A M is R-projective as well as A. 
projective. If do : Po--'M is the action of R on Mr, then K0 = ker d o is A-projective. 
Moreover, K0(0)= 0 since (R® A M)(0)=M(0). Now proceed by induction. Sup- 
pose we are given an exact sequence (I) with K i A-projective and Ki( j )=O for j_<i 
and i_< n. Let Pn +I = R ®A Kn and let dn +1: Pn +1 --4* gn ~ Pn be given by the action 
of R on Kn. Then Kn+l =kerdn+l is A-projective, and Kn+l(j)=0 for j<--n+l 
since Pn+ 1( n + 1) =Kn(n + 1). Thus, M has a locally finite R-projective resolution. 
(b) If M has a minimal projective resolution P. ,  then TorR,(A,M)=A®Rp, 
is A-projective, and by Proposition 1.8(b) we see that P,=R® A Tor,R(A,M) a 
graded R-modules. Conversely, suppose that Tor. R (A, M) is A-projective. Clearly, 
a projective resolution P,  of M is minimal if and only if for each n_> - 1 the graded 
R-module Kn=kerdn has a projective cover Pn+l- Now K-l =M has an R- 
projective cover do:Po--*M by Corollary 1.10 since A®RM=Tor~(A,M) is A. 
projective. To proceed by induction assume that we already have an exact sequence 
(I) with A®Rdi=O and P/(j) =0 for j< i  and l<_i<_n. Then A®RPi~A®RKi_I 
for 0_</_n, since PiL*Ki-1 is an R-projective cover. Thus, from (II) and (III) we 
see that A~RKn=Tor~+I(A,M), hence A®RK,, is A-projective. By Corollary 
1.10, Kn has a projective cover with domain Pn+I=R®ATor~+I(A,M). Since 
Pn (i) = 0 for i < n and Pn (n) = (A ®R Pn)(n) = (A ®R Kn-l)(n) = Kn-l(n) we conclude 
that Pn +1(0 =Kn (i)= 0 for i<_ n. This construction gives a locally finite minimal R- 
projective resolution P,  of M. 
(c) If M has a (locally) finitely generated R-projective resolution P, ,  then the 
complex of graded A-modules A ®R P, is (locally) finitely generated and so is 
TorR,(A,M)=H,(A®RP.), since A is Noetherian. The converse follows from 
Proposition 1.8, Corollary 1.9, (II) and (III). [] 
2.3. Remarks. (1) If R and M in Theorem 2.2(a) or Tor~(A,M) in Theorem 2.2(b) 
are (locally) finitely generated graded A-modules, then P,  can of course be chosen 
to be OocaUy) finitely generated. 
(2) If A -k ,  then in Theorem 2.2(a), P. can be replaced by the Bar-resolution 
B.(R,M)  [11]. In this case B. (R ,M)=R®B.(R ,M)  as graded R-modules, where 
B.(R, M) = k ®k B.(R, M), is the Bar-construction. 
2.4. Theorem. Let R and M be locally finitely generated as graded A-modules. If
A = R(O) is left-regular, then M has a locally finite and locally finitely generated ~-
projective resolution. 
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proof. Since A is left-Noetherian we may assume that in the following all the graded 
A-modules are locally finitely generated. The claim is that the graded R-module M 
has an R-projective resolution P,  such that for every a>0 there exists na>O with 
Pn(J) =0 for all j<a  and n>n a. It suffices to show that for any graded R-module 
M with M(i )= 0 for i< a there exists an R-projective resolution P,  and an integer 
no___0 such that Pn(i)=O for i<_a and n>n a. This is because having found such a 
resolution P . ,  then for n > n a the kernel Kn = ker(dn:Pn-"~Pn_ 1) has the property 
that K,, ( j )= 0 for j_< a, permitting an inductive procedure. Without loss of genera- 
lity we may assume that a = 0. Since A is left-regular, the graded A-module A ®R M 
has a locally finite A-projective resolution Q.. Let n0-  0 be such that Qn (0) = 0 for 
n > no. Since P0 = R ®A Q0 is R-projective, the epimorphism ~0 :Qo~A ®R M can 
be lifted to an R-homomorphism do:Po--"M, making the square 
Po 
Qo 
ao 
~M 
~A®M 
R 
commute. 
quence 
By Lemma 1.7, do is surjective since A ®R do is. Using the exact se- 
0 , Tor~(A,M) ,A®K o 'A®Po 'A®M--~O R /R R 
eo 
associated with the short exact sequence 
po - -~ M-~ O O-~ Ko -~ do 
we construct a locally f'mite A-projective resolution Q(,O) of A ®R K0 with the pro- 
petty that Qs~°)(0)=0 for s>_n o. Notice first that Ko(O)-(a®RKo)(O)--l(o(O). 
Thus, Tor:(A,M)(0)=0 and Tor: (A,M) has a locally f'mite A-projective resolu- 
tion Q, with Q~(0) = 0. If 27Q, is the A-projective resolution of/1~ 0 induced by Q,,  
where (~rQ) i = Qi+ l, then define a differential on Q~0) = Q,  0927Q, in the usual way 
to make 
O~ Q,  ~ Q~°) ~ ~rQ,-~o 
a locally finite A-projective resolution of 
O--, Tor~ (A,M)--,  A ® Ko--, J~o--*O. 
R 
It follows from the construction that Q(°)(O)= Qs+ l(O); in particular (2(0)(0)=0 for 
s~n0. Thus, by induction on the resolution degree, it is possible to construct a par- 
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tial R-projective resolution 
and a locally finite A-projective resolution Q(,n) of Kn = ker dn with Qs(n)(O) = 0 for 
s >_ n o - n. If n >_ no, then Qs(n)(o) = 0 for s_> O, thus Pn + 1 (0) = (R ~) Qo(n))(O) = 0 and 
we are done. [] 
3. Poincar~ and Euler-Poincar~ series 
In the following all the graded k-modules considered are locally finitely generated 
and the graded k-algebras R are connected, i.e. R(0)= k. Since k is Noetherian, it
follows from Lemma 1.7(b) that every graded R-module has a locally finitely 
generated R-projective resolution, and the projective resolutions of Theorems 2.2 
and 2.4 are locally finitely generated. The Hochschild homology modules 
H,(R,M)= TorR. (k,M) 
are then locally finitely generated and the Euler-Poincar6 series 
IH,(R,M)I= ~ |H,(R,M)(p)It p
is a well-defined element of K(C)[[t]]. 
3.1. Reciprocity 
The following theorem determines the relationship between Poincar6 series and 
Euler-Poincar6 series: 
3.1.1. Theorem. Let M be a graded R-module. 
(i) I f  H,(R) is k-projective, then in K(C)[[t]] 
IH , (R ,M) I  - [H , (R) ]  • IMI .  
(ii) I f  R and M are k-projective, then in K(C)[[t]] 
IH.(R,M)I = IH,(R)I[M]. 
(iii) If k is regular, then in K(P)[[t]] 
[H , (R ,M) ]  = [H, (R) ]  • [M].  
Proof. In either case Theorem 2.2 or Theorem 2.4 shows that k has a locally f'mite 
R-projective resolution P ,  and by Proposition 1.8(b) 
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as graded k-modules, where P ,  ®R k is k-projective. Thus, using 1.4, we see that 
if H,(R) is k-projective, and 
if R and M are k-projective. If k is regular then the equations hold in K(P)[[t]] 
without any conditions. [] 
3.1.2. I fH, (R) ,  Mand H,(R,  M) all are k-projective, then the equation [H, (R, M)] = 
[H,(R)][M] holds in KOP)[[t]] as it does in general when k is regular. The main 
result of [11], which is already contained in [4] and [5] when k is a field, is a special 
case of this. 
Corollary. I l k  is regular or if R and H,(R) are k-projective, then [H,(R)] • [R] = 1 
in KOP)[[t]]. 
3.1.3. Remarks. (1) The theorem above has various generalizations (also conse- 
quences of Theorems 2.2 and 2.4), such as: 
- If H,  (R, M) is k-projective, then [Tor, R (N, M)l = IN|.  [H,(R, M)] for every grad- 
ed right R-module N, and in particular [MI = [RI[H,(R,M)]. 
- If R, M and N are k-projective, then [Tor,R (N, M)] = [N]. [H,(R)] • [M]. 
- If k is regular, then [Tor,R (N, M)] = [N][H,(R)][M]. 
(2) From Theorem 3.1.1 we see that if R is k-projective, then [H,(R)I  • [R] = |kl. 
Since [R] is invertible in KOP)[[t]] it follows that IH,(R)! does not depend on the 
algebra structure of R. The same is true in general for [H,(R)] and [H,(R,M)] if 
k is regular. 
(3) The graded HomR(- ,  k) applied to a locally finite R-projective resolution P ,  
of k gives HomR(P,,k)=Homk(k®RP,,k)=(k®'RP,)* as graded k-modules. 
Thus, in 3.1.1-3.1.3 the homology H,(R) can be replaced by the cohomology 
H*(R) with appropriate grading. 
3.2. Normal extensions 
Let ~: T~ S be a morphism of connected graded k-algebras. If ¢ is normal, i.e. 
if T+S= ST +, then T+S is an ideal, R = k®rS is again a connected k-algebra, and 
we say that S is a normal extension of R by ¢. 
If H,(T,S) is k-projective, then using Remarks 3.1.3 we see that [Si= 
[T|[H,(T, S)] in K(C)[[t]]. In particular, if S is T-projective, then by Proposition 
1.8(b), S= T®R as graded T-modules and IS] =[TI[R]. 
On the other hand, if H . (T )  is k-projective; then by Theorem 3.1.1 [MI = 
[H,(T,M)Ii/[H,(T)]. A special case of this is used in the following considerations: 
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3.2.1. Definition. A connected Noetherian graded k-algebra R is said to be rational 
if the Poincar6 series of every finitely generated graded R-module M is rational, i.e. 
IMI =f(t)/g(t) for some polynomials f (t)  ~ K(C)[t] and g(t) ~ KOP)[t]. 
3.2.2. Proposition. Let ~p :k[x] --* S be a normal morphism of  connected Noetherian 
graded k-algebras. Then, S is rational if and only if  R = S/xS is. 
Proof. The 'only if' part is obvious. Every graded S-module M is a k[x]-module via 
~, and by Theorem 3.1.1 
IMI = IH.(k[x], M)I/( I  - t Ixl), 
where Ix[ =degx and Hi(k[x],M)=O for i> 1. It suffices to show that Ho(k[x],M ) 
and Hl(k[x],M) are finitely generated R-modules if M is a finitely generated 8-
module. Apply the functor - ®k[xl M to the short exact sequence of k[x]-modules 
O--,(x)--,k[x]-,k-,O to get the exact sequence of graded k-modules 
O--" Hl(k[x],M) , (x) ® M P---, M Ho(k[x],M)-.,O, 
klx] 
where p(x®m)=xm.  If Ho(k[x],M)=k@k[xlM is given the S-module structure 
defined by s(1 ®m)= 1 ®sm, then 3' is a homomorphism of S-modules. The 8- 
module structure on (x)®k[xlM given by s (x@m)=x®sm akes Hl(k[x],M ) a 
submodule, since xm = 0 implies xsm =s'xm = O, where xs = s'x. Note however that 
]/is not a homomorphism of S-modules. Since S is Noetherian, both Ho(k[x],M ) 
and Hl(k[x],M) are finitely generated S-modules and since x annihilates both of 
them they are finitely generated R-modules. [] 
3.2.3. An element x of the k-algebra S is said to be normal if the induced 
map k[x]--,S is, i.e. if xS=Sx. A normalizing subset of S is a finite subset of 
homogeneous elements {xl,x2,..., Xn } such that xi + (xi+ 1,...,Xn) is normal in 
S/(xi + 1,..., Xn) for 1 _< i <_ n. A subalgebra generated by a normalizing subset is nor- 
mal in S. 
3.2.4. Theorem. Let S be a connected Noetherian graded k-algebra and let T be a 
subalgebra generated by a normalizing subset of  S. Then S is rational if and only 
if  R=k®rS is. 
Proof. Let Tbe generated by the normalizing subset {xl,x2, ... ,Xn } of S. The asser- 
tion follows by induction using Proposition 3.2.2 with the normal maps 0i: k[x]-" 
S/(xi+ l, ...,xn) def'med by Oi(x)=xi+ (Xi+ l, ...,xn) for l <_i<_.n. [] 
3.2.5. Corollary. Every connected graded k-algebra S with a finite normalizing set 
o f  generators {xl,x2, ... ,Xn } is rational. I f  M is a finitely generated S-module, then 
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for some polynomial f ( t )  e K(C)[t]. 
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The following are some examples of connected algebras atisfying the conditions 
of the corollary: 
(a) Commutative connected Noetherian graded k-algebras [2]. 
Co) The universal envelope of a solvable connected graded Lie k-algebra, which 
is finitely generated as k-module, and quotients thereof. 
(c) The graded group k-algebra of a finitely generated group with finite lower ter- 
mined [3]. 
3.3. Filtrations 
Let k = R o c_ R l c_ ... ~ R l C_ ... be an ascending filtration of a connected k-algebra 
R, i.e. RiRj c_ Ri+j, such that R~ contains a set of homogeneous generators of the 
k-algebra R. Such a filtration is locally finite (i.e. finite in each degree) and ex- 
haustive, i.e. ~ Rn = R. Similarly, a filtration M 0 ~ MI c_... ~ M I c_... of a graded 
R-module M such that RiMy c_ M/+j in which M0 contains a set of homogeneous 
generators o f  M is locally finite and exhaustive. The associated bigraded ring gr R 
is generated by gr 1 R while the gr R-module gr M is generated by gr 0 M. Due to the 
local finiteness of the filtrations the Poincar6 series in two variables 
lgr Mi= ~, IgriM(n)lsit n 
can be viewed as an element of K(C)[s][[t]], and 
[M! = |gr M|(1, t) 
since the filtrations are exhaustive. 
3.3.1. Theorem. Let R be a connected graded k-algebra. I f  gr R is Noetherian and 
rational, then so is R. 
Proof. The usual arguments show that R is Noetherian. If M is a finitely generated 
graded R-module, then let M0 be a finitely generated graded k-submodule which 
generates M as an R-module. Set Mi = R~Mo to get a locally finite exhaustive filtra- 
tion of M. The bigraded module gr M is finitely generated (by M0) and [gr M] = 
[griM(n)lsit n is a rational function in two variables and thus [MI = [gr Ml(1, t) 
is rational. [] 
3.3.2. Corollary. Let R be a connected graded k-algebra such that gr R has a finite 
normalizing set o f  generators. Then R is rational. 
3.3.3. Corollary. Let L be a connected graded Lie k-algebra which is finitely 
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generated as a graded k-module. Then every quotient R of  the universal enveloping 
algebra U(L) is rational. 
Proof. Since every quotient of a rational k-algebra is rational it suffices to show that 
U(L) is. The filtration of U(L) obtained from the 'degree filtration' of the tensor 
algebra T(L) via the canonical map r/: T(L)--~ U(L) has the right properties. UL is 
generated by U1 = kG t/(L) as a graded k-algebra nd gr U(L) is a connected com. 
mutative bigraded k-algebra generated by grl U(L)=tI(L). Thus the assertion 
follows as a special case of the preceding corollary. [] 
3.3.4. Note. A k-free covering F--~H1(R)=R+/R +2 can be extended to a map 
of graded k-modules F~R+~-~R and thus to a map of graded k-algebras 
r/ :Tens(F)~R, which by Proposition 1.8 is surjective. Now, by Witt's theorem, 
Tens(F) = U(.~F) is the universal envelope of the free Lie k-algebra generated by F, 
and L = t/(~F) is the Lie subalgebra of R generated by t/(F). This gives rise to a 
surjective map of graded k-algebras Q: UL -*R. Thus, if L is finitely generated as 
a k-module, then by Corollary 3.3.3 R is rational. This often happens when R is a 
cocommutative Hopf algebra [7]. 
3.4. Fiber products 
A commutative square of connected graded k-algebras 
a2 
R ,S  2 
al 1/~2 
S1 fll ) U 
is a pullback if and only if the sequence of R-modules 
(°,! 
~2 (ill' --f12) 
O-* R SI (~ S 2 ' W 
is exact. If the square is a pullback, then ker al = ker/Y2 and ker a2 = ker/Yl- 
3.4.1. Theorem. Suppose the square above is a pullback. 
(i) I f  Pl or ~2 is surjective, then so is a2 or al, respectively, and 
IRI + IU! =ISll + IS21 
in K(C)[[t]]. 
(ii) If, in addition, k is regular, then 
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JR] + [UI = [SII + IS21 
in KfP)[It]]. 
and 
1 1 1 1 
[H,(R)] + [H,(U)] - [H,(S1)] + [H,(S2)]  
proof. If either ]/1 or r2 is surjective, then so is (ill, - f12) : Si ~) $2 ~ U. Assertion (i) 
now follows from the exact sequence above. If k is regular, then all the Poincar6 
series are elements of KOP)[[t]] and (ii) follows from Corollary 3.1.2. [] 
Remark. If in (i) we assume in addition that U, $1 and $2 are k-projective, then so 
is R, and the equation holds in KOP)[[t]]. If, in addition, H.(U), H,(S1) and 
H,(S2) are k-projective, then Remarks 3.1.3 assert hat 
[H,(R)]( 1 + 1 
\ [H.(S1)] 
1i) [H.(S2)] [H.(U) = lk l  
in K(C)[It]]. 
Interchanging Poincar6 series and Euler-Poincar6 series gives a result for free 
products with amalgamation. 
3.5. Free products with amalgamation 
Let the square in Subsection 3.4 be a pushout of monomorphisms of connected 
graded k-algebras, i.e. U= Sl *R $2. By Proposition 1.8, $1 and $2 are R-projective if 
and only if for i = 1, 2 the k-modules Xi = k®R Si are projective and tr i : R ®Xi  -~ Si 
as R-modules, where tr i is induced by a section t~i : Xi ~ Si of the canonical projec- 
tion. The constructions of Serre given in [5] still work under the present conditions 
to describe SI*R S2 and to obtain a Mayer-Vietoris equence. 
Theorem. Suppose the square in Subsection 3.4 is a free product with amalga- 
mation. 
O) I f  Sl and S2 are R-projective, then U is R-, Sl- and S2-projective and the 
square is also a pullback. Moreover, 
[H,(R)! + IH,(U)I = IH,(Sl)I + [H,(S2)i. 
(ii) If, in addition, R is k-projective (then so are $1, $2 and U) or if k is regular, 
then 
1 1 1 1 
4-~- - - -  4 -~ 
[R] [U] [Sl] [S21 
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